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1. 工ntr od11Ctio n
sin c ethe pio n e ring w o rk ofNo u ss air a ndSw a n so nt251in 1976,
the oscillation the o ry ofn o nlin e a rpa rtial diffe r e ntialequ atio n sha s
be e nde v eloped by n u m e r o u s a utho rs. T he keyto ol u s ed is to re
-
du c ethe m ulti-dim e n sion alpr oble m to o n e
-dim e n sio n al o s cillatio n
pr oble m by u singtll eintegr al m e a n sくe.g. sphe ric al m e a n slof s o-
1utio n s.
Ho w e v e r,it w a s n ot u ntil 1983that Byko v a nd Kulta e vt2lha v e
studied the o s cillatio n ofparabolic equatio n s with fun ctio nala rgu
-
m e nts. In 1984, Tr a m o vt321ha sin vestigated elliptic equatio ns with
de viating a rgu m e nts a nd M ishe v and Bain o vt21have e stablished
the o scillatio n r e s ultsfo rhy pe rbolic equ atio n s with delays. In the




the ap pr oa cllis a redu ctio nto the n o n e xiste n c e ofpo sitiv e
solutio n s of fun ctio n al diffe re ntial in equ alitie s.
2. E lliptic eqll atio n s with fun ctio nal arg11m占nts
In 1984, n a m o vt32lha s studied the elliptic equ atio n with a
deviating a rgu m e nt
A uくxJ+pくxluくx - Tl - 0, く1l
T his re s e a r ch w as a n n o un c ed at the Sym po siu m o n the Oscillatio nT he o ry
a nd Related Tわpic s, Fuku oka, Japa n, 1 8-1 9Octobe r1996.
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whe reA is the Lapla cia n in R
n
, pくxIE CくR n言tO, 001l, and T is a
c o n sta nt v e cto r of 政n .
W e u sethe n otatio n 二




x - くxl, X2, . . . , X nlE R
n
.
The o r e m2.1. くTra m o vt321l Ass u m eihaipくxJ之 Ein R
nfo r
so m e Eン 0. Ifihe r e a repo sitiv e n u mbe r s 71o a nd r s u ch thai
IT15 71o く
, 4n r21
the n e v e rys olutio n uE C
2
くBr+Tolof川 has a ze r oin Br+ T. .
In 1994, Yo
-
shidat391e xte nded the r e sults of Tram o vt321to the
elliptic equ ation with a fo rci ngte r m
A uくx - qJ+pくxJuくx - TJ - fくxJ, く2l
whe re qis a c o n sta nt v e cto r of Rn a ndfくxJe CくRn言RJ.
T he or e - 2.2. くYoshidaE391J Ifthe r e a r e apo sitiv e n u mbe r r
a nd a ninle9e r m之 2 withthefollo wing Pr ope rties ihaiニ
くりfB,fくxJくr2 -Ixl2Jm dx - 0,
くiilthe r eis a n o n n egaiiv e n u mbe r a s u chthai








m , X E B , ,
the n e v e ry s olutio n u e C
2くB,+ mintEql,FT け+Fq - ,lJofく2Iha s a z e r o
in Br+ minttql,lTけ+Iq - Tl.
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C o r olla ry 2.1. As s u m ethai pくxJ之 Efo r s o m eE ン 0, the n
e v e ry s olutio n uE C
2くB,Jofく2Jha s a z e r oin Brfor a s uBicie nily
large r .
T he re a r e s o me ope n qu e stio n sこ
川 Ca n T leO r e m2.2 be ge ner aliz ed to the n o nlin e a r elliptic
equ atio n
A uくx I C,J+pくxJpくuくx I TJl- fくx17




utx - c ,l+pくxluくx - Tl - fくxJ7
く正1Is itpo s sible to e stablish the c o ndition s which implythat
ev e ry s olutio n of c e rtain elliptic equ atio n with de viating a ト
gu m e nts ha s a z e r oin a ny n eighbo rho od of infinity7
3. P a r abolic equatio ns wit h fun ctio n al argu m e nts
ln 1983, the 丘r st o s cillatio n res ults w e r e obtain ed by Byko v a nd
Kulta e vt21in the c a se ofpa r abolic equ atio n s with fu n ctio n al a rgu -
m e nts .
W e c o n side rthe n o nlin e a rpa r abolic equ atio n
孟utx,tl - attJAutx , qlくり1
一垣qitX ,i,ut - .fG KltX,i,y,uty, g3tt-,,dyコ
ー Cくx ,i, ztulくx ,tll - 0, くx ,tlE n 三 G xく0, cx3J, ぐ3l
whe r eG is abo unded do m ain of 汲n withpie c e wis e s mo oth bo u nd-
a ry aG a nd
ztulくx ,il - K2くx ,i,yluくy,tidy.
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Itis a s su m edt血at ニ
attlE CくtO, 001言tO, 00Jl.,
qkくx ,tle Cく否 xro, 叫言tO, 叫J くk - 1,2l言
K mくx ,i,yle Cく否 xro, 001x 否言tO,cx ,Jlくm - 1,21言
g kttlE CくtO,cx,畑1,
t
limu qkくり - cx3 くk - 1,2,3J言
cくx,舌, zIE Cく否 xto, 00Jx R言Rl言
cくx,i, zJ之qくx ,tlpくzl for くx,i, zjE G xtO, 001xtO,cx31言
cくx ,i, - zJ三 - qくx , 如くzl for くx,i, zIE G xtO, 00JxtO,cx3J,
whe reqtx ,り E Cく否 xto, 001言tO,cx ,Jl, pくzI E CくtO, 叫言tO, cx311,
pくz15 0 fo r zン O a nd pくzlis n onde c reasingfo r zン 0.
It is kn o w nthat the s m alle st eige n v alu e 入1 0fthe e lge n Valu e
proble m
- A w - 入w in G,
w こ O o n aG
ispo sitiv e a ndthe c o r r e sponding eige nfu n ction 重くxJm aybe cho s e n
s othat 申くxlン O in Gくse eCo u r a nt a nd Hilbe rtt51J.
D efinition 3.1. A fu n ctio n u ニf2三 G xく0, cx31I - R is s aid
to be o s cillaio ryin O ifu ha s a z e r oin G xくt, 叫 fo r a ny t ン0.
T he o r e -3.1. くByko v a nd Kulta e vF21J As s u m eihatニ
くiJqlくx ,舌ト ス1attJ之O in G xtO, 00J,.
tiiJthe r eis afu n ciio n qltJE Cく亡0, cx3J言tO, 00JIs u chthai
lG tJく..r. り0-こりd..rI之 帥 卜
くiiilthe re e xists apo sitiv e c o n sia nf cofo r which
K2くx ,i,yl之 co申くyl fo r くx ,i,ylE G xく0, cxllx G.




ha s n o e v e ntu ally po sitiv e s olutio n, the n e v e ry s olutio n u ofく3iis
o s cillaio ryin 0 .
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c o r olla ry 3.1. A ss um e thai the hypoihe s e sくiトくiiil ofT he o-





くsJds - 00 fo r so m e so ン 0,
f.
u
志dz く 00 fo r s o - e zo , 0.
T he n e v e ry s olution u ofく3lis o s cillaio ryin f2.
We c o n side rthe n o nlin e a rpa r abolic equ atio n with a fu n ction al
a rgu m e nt
孟u 榊 - attJAutx ,Ll.qCx,ilp 帖 州 l- 0, くx ,ilE.0, く4J
whe r e aくtlE CくEO, 001言tO, cx31l,qくx,り e Cく否 xto, 00l言tO, cx31l, 叫I
E CくtO, 001 周, lim e
.
- co 叫J - 00 , pくsJE CくR言叫 is po sitiv e, c o n-
v e x a nd n o nde c r e a slnginto,cx,ia nd pトsJ ニ ー PくsJfo r sン 0.
T hefollo w lngbo u nda ry c o llditio n s
u - 0 o n a Gxく0,cx3l,
au
面 + p
u - 0 o n a Gxく0, 001
a r e c o n side red, w he r e lJ de n ote sthe unit exterio r n o r m al v ecto rto
a G.
T he o r e m3.2. くYo shidat3 41l Ife v e ry e v e ntu ally po sitiv e s o-




s aiisPe slim レ 00 yttl - 0, the n e v e ry s olutio n u ofike bo u nda ry
v alu epr oble mく4l,く6lis o s cillaioryin 0 o r s aiisPe s
lin t
i - +cxつ
uくx ,りdx - 0,
whe r epttl - minくqくx ,り言X E Gl.
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C o rolla ry 3.2. Unde rike c o nditio n
紳1dt - 00 ,
ike s a m e con clu sio n ofT he o r e m3.2 holds, whe re
Rtql - tietO, 001言05 叫15tl.
T he o r e m3.3. くYo shidat341l As su m eihaiこ
くil pくsIS21之 中1くsl 中2くs21fo r sl ン 0, s2 ン 0, tbhe r e中1くsl 之
0
,中2くs2Jン O a nd中2くs21is n o nde cre a singfo r s2 ン 0言
くiil ev e ry e v e ntu ally po sitiv e s olutio n yttlofthefu n ctio n al dif-





- 入1Aくqくり11中2くyく叫川 5 0
s aiisPeslim e- . cx, yttl - 0.
T he n e v e ry s olutio n u ofike bo u nda ry v alu epr oble mく4l, く51is
os cillato ryin f2o r s a舌isPe s
lim e入.AくりuttJ- 0,





叩 -fG uく - x,dx .uG -T
I
Co r olla ry 3.3. As s um ethaiike hypoihe sisくil ofT he o r e m
3.3is s alisPed. If
紳Je
入. Aくり中1くe
一 入1Aく叫1IJdt - cx3,
ike s a m e c o n clu sion ofT he o r e m3.3 holds.
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M ishe vt20le xte nded T he o r e m s3.2 a nd 3.3 to the m o rege n e r al
pa r abolic equ atio n with delays
孟くuくx ,tl. 叫 x ,i - PIJ- attlAutx,tl.qtx ,ilp 帖 t - J J- 0
a nd obtain ed s o m e o scillatio n re sults.
T he o r em 3.2 w a sge n e raliz edto the m o r ege n e r alpa r abolic equ a-
tio n s with fo r cingte r mby On o s et27コ.
Wein ve stigatethefollo w l ng Pa r abolic equatio n s withfu n ctio n al
a rgu m e nts こ
三 - 1享
I I
- atiJAutx ,t卜 EbiMAutx, Ti桝
iニ 1










- attJAuくx ,tト ニbittlA滋くx , Tittll
iニ 1





- atりAL,,I.r. り 一 三tJ,,ftlA.u.t.r . T 州
iここ1
- cくx,i,くzitulくx,りJ竺1l- ftx ,り, くx,り E O 三 G xく0, 叫 .
く9l
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uくx , Jiくりl くi - 1,2, . . ., ml,




くi - m l +1, m 2 + 2, . . ., Ml,
whe r e Jiくり E COO, 00J言Rl くi - 1,2, . . . , ml, 1im f 一 00 Jiく舌1 - 00 ,
Bitt川 - m +1,rT+ 2, . . ., m lJa r e clo s ed bounded s ets oftO, め

















. . ., Nil,lim e - 00 qi州 - cx3, Ki3.くx ,i,ylE
Cくflx G言tO, 0011, a nd LJi3.くsIE CくR言Rla r e od d fu n ctio n s witll the
pr ope rtythat LJi3
.くsl之 O fo r sン 0.
W e a s s u m ethat こ
hiくtlE C
l
くtO, 叫言tO, 叫1 くi - 1,2, . . . ,eJ言
attle CくlO, 001言tO, 00JJ言





limu pittJ - 00 くi - 1,2っ . . .,el言
TiくtlE CくrO, 00J言Rl,
t
liimJiくtl - 00 くi - 1,2, . . ., kJ言
fくx ,り E Cく百言Rl.
M o r e o v e r, w e a s s u m ethat こ
cくx,i,くEiJ竺1 E Cく百 x RM3RJ,
m .
cくx,i,くEiだ1J之EpittJpitEiJ forくx,i,くEiJ竺1 E 0 xrO,cx,r,
iこ 1
m .
cくx ,i,トEiJ竺1 5 - EpiくりpiほiJfo rくx ,i,くEiJ%MI IJEf2xtO, 00JM,
iニ 1
w he r etO, 叫3
.




- 1,2, . . ., MJ,piくtlE CくtO, 叫
言亡0, cx3JJ, piくsIE CくEO,cx ,J言RJ, a nd piくsJa r e c o n v e xin to, cx ,1くi -
1,2, . . . , mJ.
W e n ote that zitulくx ,り 之 0くi - 1,2, . . ., MJin G xtT, 001fo r
s o m eT ン O if u is e v e ntll ally po sitiv ein G xく0, cx3J.
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W e c o n side rthr e ekinds of bo undary c o ndition s ニ
くBl u - 4, o n aG xく0,cx lJ,
くB2J芸.pu - i
くB31宗 一 pu - i
o n a Gxく0, cx3J,
o n a Gxく0, CXIJ,
whe r e4,, 4, E CくaG xく0, 001言及J, p e CくaG xく0, 001言亡0, 00JJ.
T hefollo w l ng notatio n will be u sed こ
Ftt, -fGft - x,dx .uG 叫 dxT
l
,






























w he r elGl- JTGdx.
The o r e m3.4. Ifthefu n ctio n al diHer e niialin equ alitie s
孟Cytt,.妻州 +Ehiくtlytp糊iニ 1 j+入1attlyくり
1 1 5
k m
+ 入1EbitiJyく仰11+EpittJpiくyくq 糊15 土Gくり
iニ 1 iニ 1
ha v e n o e v e ntu ally positive s oluiio n s, the n e v e ry s olutio n u ofthe
bo unda ry v alu epr oble mく7I,くBIJis o s cillaio ryin n, whe r e
k
Gくtl- FM - att沖くtト ニbittl甘く巧くtJl.
iニ 1
Pr o of. Sup po seto the c o ntr a ry that the re e xists a s olution
u ofthe pr oble mく7う,くBl which is n o n o s cillato ry in f2. Fir st w6
1 1 6 Y O S H IDA
a ss um ethat u ン Oin a xtto, 00Jfo r s o m eto ン 0. T he hy pothe sis
implie sthat
m
cくx ,i,くzitulくx ,tlだ1J三三pittlpiくuくx, qittlllin G xttl, 001
iこ 1
fo rsom e il 之to . He n c e,fro mく71w e se ethat




- attlAutx ,り 一 三bittlAutx ,Tiくり1
iこ 1
m
+ EpittJpiくuくx , q 州15ftx ,tJ in G xttl, 00J.
iニ 1 く1 0J
Multiplyingく1 01by 叫 トuG 4W dxr
l
a ndthe nintegr ating o v e r
G yields














叩 芋IG uく - x,dx .UG - T
l
く11
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Itfollo w sfr o m Gr e e n,s fo r m ula that
K 申fG Auくx ,り申くxldx




描くxJd S - AIK申
ニ ー せくtト 入1Uくり, t之il.





Aて小, JTiくflJ申くxldx ニ ー 申hくtl 卜入1Uく巧くりl, i之舌2 く13j
for s o m e舌2 之tl. ApplyingJe n s e n
,
sin equ alityt26,p.160l, w e obtain




+ 入1EbittlUくTitilJ+Epiく秘く印 刷15 Gくtl
iニ 1 iこ 1
fo rt 之 t2. M o r e over, it is cle ar that UくtJB 0 o ntt2,CX3l. T his
c o ntr adicts thellyPOthe sis. Ifu く O in G xtio, 00l,itc a nbe sho w n
that
riZZ
cくx ,i,くzitulくx ,tlJ%MI .J5 - Epiく触 トuくx , J 州I in G xttl, CX3l
iこ 1
1 1 8 Y O S E I D A
fo r s o m eil 之io. Letting てノ 三 - u , W e Obtain
主 - - - 1享
I I
- atilA 巾 ,fト ニbittlA 巾 , Tiくり1
iニ 1
i771






Pro c e eding asinthe c a s ewhe r e uB 0, w e a r eldto a c o ntr adictio n.
T he pr o of is c o mplete.
T he o r e m3.5. Ifthefu n ctio n al diHe r e n如I in equ alitie s
孟tytt,.童hitt,ytpiくt,,j.墓 - ytqitt川 5 -
ha v e n o e v entu ally positiv e s oluiio n s, the n e v e ry s olutio n u ofike
bわu ndary v alu eproble mく71,くB2lis o s cillaio ryin 0, whe re
k
eM - fM + 叫沖くり+Ebittl魯く蛸1.
iニこ1
Pr o of. As s u m eo nthe c o ntr a ry, thatthe r e e xists asolution
u ofthe proble mく7う,くB21s u chthat u ン O in G xtto,cx,Jfo r so m e
to ン 0. Argu l ng a Sin the pr o of of T he o r e m3.4, w e obs e rv ethat
theinequ alityく1 0Jholdsfor so m e il 之to. Dividingく1 0JbylGJa nd
the nintegrating o v e rG yields
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Itfollo w sfro m the diverge n c ethe o r e mthat
uG Autx ,tldx -古faG芸くx ,tldS
古faGトpu 糾 .ijdS
5 軸l, t 空t..




Auくx , Ti州 dx 5魯く巧くtlJ, t之t2 く1 7J
fo r s o m et2 之tl. An ap plic atio n of Je n s e n
,
s in equ ality sho w sthat
古IG P - , Uitt川dx 主 神くq叫 , i之i2. く18J
Co mbiningく15トく1 81yields
孟C6tt,.套hitt,6tpiく小差 - 恥くり,,5 的
fo rt之 ま2, a nd fu rthe r m o r eと巾1ispo sitiv e o ntt2,C X ,J. T his c o ntr a-
dictsthe hy pothe sis. T he c a s e whe r e uく O c a nbe tre ated simila rly,
a nd w e a r eled to a c o ntr adictio n. T he pr o of is c o mplete.
C o r olla ry 3.4. くM ishe vト16り Ass u m eihaie - k - 1 a nd
piくり 三 0くi - 1,2, . . . , ml. Ev e ry s olution u ofihe bo u nda ry v alu e
pr oble mく71,くBIJis o s cillato ryin n if
1im imf
f一 寸 0 0lT
t





fo r all la rge T . Ev e ry s olutio n u ofihe bo u nda ry v alu epr oble mく7う,
くB21is o s cillaio ryin n if
1im imf
t - +o o
1im s up
tI. .一 o o
eくslds ニ ー 00 ,
eくsJds - c x 3
fo r all large T .
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. . . ,eJ, piくil三 0くi - 1,2, . . ., 叫 and Tiく舌15 tくi - 1, 2, . . . , kl.
Ev e ry s olution u ofthe bo u nda ry v alu epr oble mく7う,くBl is o s cilla-






















for all la rge T , whe reゐく01- aくOl+ E%FI .biくOJa nd
Gotr, - Gくr,. A.套bitr,IT.c, Gts,ds.






t- 一 o olT
t
eくslds ニ ー CX,,
6くsJds - 00
fo r all large T .
Co r olla ry 3.6. くYo shidat37り Ass um ethathiくtl 三 0くi -
1,2, . . . ,eJ, piくり 三 0くi - 1,2, . . ., ml, Tiくり至りi - 1,2, . . . , kJ, a nd
T
3
.くり is n o nde c r e asin9fo r s o m e3
.
etl,2, . . . , kl. Ev e ry s olutio n u
ofike bou ndary v alu epr oble mく71,くBIJis o s cillaio ryin n ifthe re
is asequ e n c ettnナ s u chthatこ
Iim tn - oo,




















whe r eAくsl - I.
a
aくOJd O.
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. . . ,
eJ, piくsl - sくi - 1,2, . . ., ml a ndfくx ,tl 三 0. Ev ery





t一 寸 0 0
Gくslds ニ ー 00 ,
GくsJds - 00
fo r all la rge T . Eve ry s olutio nu ofihe bo unda ry valu epr oble mく71,
くB2l withFL 三 Ois o s cillaio ryin 0 if
1im imf
f - +o o
1im s up
t一 斗 くXl
eくsJds ニ ー c x3,
eくsids - cx 3
fo r all la rge T .
c o r olla ry 3.8. くTa naka a nd Yo shidat31l As su me thaiE芝ニ.
hiくり 三 1, piくり 之 tくi - 1,2, . . . ,el, piくsJ之 Ofo r sン 0くi -
1,2, . . ., ml, a nd p3.くslis n o nde c r e a sing in to, 001fo r s o m e3
1
E
tl,2, . . . , mナ. Ev e ry s olutio n u ofike bo u nda ry v alu epr oble mく7う,
くBl tr e sp. く71, くB21コis o s cillaio ry in n ifthe r e e xists afu n c-
iio n 叫1E Clくく0, 001言RIs空ch thai Ottlis o s cillaio ry ail - 00 ,
Olくil - Gくiltr e sp. O
I











fo r s o m eso y 0, whe re
tOく川土 - m a Xt土0くtl, Ol.
ds - oo,
1 2 2
Co r olla ry 3.9.
1,2, . . .,el, piくsl之
OJfo r s o mei3 5
0
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0くi - 1,2, . . ., mJ, p31くsl之Psくs 5
tl,2, . . . , mナ, q,.くt15 i a nd a,,く舌Iis
n o ndecrea sing in to, 001. Ev e ry s olutio n u ofike bo u nda ry value
pr oble mく71,くBl tr e sp. く7う,くB21lis o s cillaio ryin f2 ifthe r eis
a fu n ciio n 叫1 E Clくく0, cx31言及1s u ch ihpi 叫1is o s cillaio ry al
i - 00, O
l
くtl - Gくりtr e sp. O
l
くり - Gく恥 and the re e xists a
















Qti, - Pp3.tt,くoto31tt,,一重hitJ31tt,,OtpitJ -j.
Pro of. Itis su氏cie nt to sho w tll atthefu n ctio n al diffe re ntial
in equ ality
去卜享州 +Ehiく如くp 糊iこ 1
2五己
+ EpiくtJpiくyくJ 州J三 士Gくtl
i- l く19J
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s u ch that yくり ン O o ntto, 001fo r s o m eto 5 0. T he n, yくpiくりlン
0くi - 1, 2, . . . ,eJ, yくc,iくtlJン 0くi - 1, 2, . . ., mJo nttl, 叫 fo r s o m e
tl 之io. Letting
e
zくり こ 州 + EhiくtJyくp州 一 叫I,
iこ 1






a nd the refo r ezくilis n o nin c re a singfo rt之 tl. He nce, w efind that
eithe r zくiJン O o r zくり5 0 o ntt2, 001fo r s o m et2 之-tl. Ifzくり50
o nrt2, CX,i, the n
e
州 + EhiMyくp州 5 叫 , t之12. く叫
iニ 1
T heleftha nd side ofく21Jis po sitiv e, butthe rightha nd side ofく21l
is o s cillato ry at i - 00 . T hisis a c o ntr adictio n. He n c e, w e c o n clude
that zくり ン O o ntt2, 叫 . Sin c e zくり + 0くil5 0 o n亡t2, 叫 , w efind
that zくり 5 - 0くり o ntt2,CX ll, a ndthe r efo r e
zくil之tOく叫 - fo r t 之t2. く22l
In vie w ofthefa ct thatyttj5 zくり+ 0くり a nd zくりis n o nin c r e a sing,
w e obtain
e
州 - zくり - EhiくtJyくp州 + 叫
iニ 1
e
之 zくtl - EhiM くzくp州 + 0くp 糊1+ 叫I
iニ 1
e
zくり+ 叫 卜 EhiくりOtp糊 , t 之f2
i- 1 く231
1 2 4




1 - Ehih. MJ
iニ 1 jzくL,3.く川
e
+ 叫 ,.M トニhiくJ,.tiJJOくpitq 州Jl,
iニ 1














Co mbiningく2 41withく251, w e obs e rvethat zくりis apo sitiv e s olution
of
ト童hih.tt,,jzlくil+Pps.くりt1 zくc,3.くtlJ5 - Qくり く261
fort之ま3. Ho w e v e r, a r esultof Yo shidat40, Pr opo sitio nl implie s
thatく261ha s n o e vntu ally po sitiv e s olutio n. T hisis a c o ntr adic-
tio n. 工n the c as e ofthein equ ality
孟Cytt,.童hitt,ytpiくt,,j.墓アiMpity - ,5 - Gtt,,
w e r epla c eOくり by - 0くり a nd w e c o n clude that zくtlis apo sitive




fort 之 t3. Sinc e w e a re also
-led to a co ntr adictio n
,
the pr o of is
c omplete.
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T heor e m 3.6. Ifikefu n ctio n al diHe r e ntial in equ alitie s
孟卜童hitt,ytpiく小人.ate,yet,
k m
+ 入1EbittJytTiくtlJ+ Epi 伽 iくytq 州J5 土Gくり
iニ 1 iこ 1
ha v e n o e vntu ally po sitiv e s oluiio n s, the n e v e ry s olutio n u ofike
bou nda ry v alu epr oble mく8l,くBl is o s cillaio ryin n, whe re
k
Gくtl - 印 卜 att沖くり - EbittJせく蛸J.
iこ 1
T he o r e m3.7. Ifikefu n ctio n al diHe r e niial in equ alitie s
孟卜套hitt,ytpiく小差 - - 5 土eくり
ha v e n o e v e ntu ally po sitiv e s olutio n s, the n e v e ry s olutio n u ofike
bo u nda ry v alu epr oble mく81, 仲2lis o s cillaio ryin 0, whe r e
k
6くり こ 軸 + attl的 +EbittJ卓く叫JJ.
iこ 1
T he pr o ofs of T he o re m s3.6 a nd 3.7 a re quite simila rto tho s e of
T he o re m s3.4 a nd 3.5
,
a nd will be o mitted.
C o r olla ry 3.1 0. くM ishe v a nd Bain o vt2311As s u m ethaipiくtl -







mJ, piくsJ - sくi - 1,


















ml, Tiくi - 1,2, . . .,







bo u nda ry v alu epr oble mく81,くBl with4, 三 O is o s cillato ryin 0
ikefollo wing c o nditio n shold二
p3
.
.くil之 K fo r s o m e c o n sia ni K ン O a nd s o m ejo Eく2,3, . . ., ml言
1imimf
i - ナO G
1imimf
t - ナくXコ








fo r s o m eJ Et2,3, . . . , ml.
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Ev ery s olutio n u ofihebo u nda ry v alu epr oble m 軌 くB2lwiihネ三 O
is o s cillaio ryin 0 ifike abo v ethre e m equ aliie s wiih 入1 - 0 are
s aiisjied.
C o r olla ry 3.l l. くCui 剛 As s u m eihaipiくLl - i - piくpi ン
0言i - 1,2, . . . ,eJ, piくslン Ofo r sン 0くi - 1, 2, . . . , ml, fくx,り 三 O
a ndEf-- .hiくり 51. Ev e ry s olutio n u ofihebo u nda ry v alu epr oble m
く8l,くBり wiih4, 三 0くo rく81, 仲21wiih示 三 OJis o s cillato ryin n if
c,3
.くりSi,. q3.くtlis n o nde c r e a singfo r s o m ejEtl,2, . . ., mナ a nd the r e
a r e ctン O a ndi3ン Ofor which p3.くsl之ilsfor s ン 0, p3.くtl之 a ,
1i諾 pfq三くりP3.tS,ds ン吉.
Ev ery s olutio n u ofihebo u nda ry v alu epr oble mく81,くBl with4, 三 O
is o s cillaio ryin n ifJくり 三
1TiTm Jiくt15i, 叫 is n o nde c r e a sin9
a ndthe r e a r e aD 0 a ndPi 5- 0くi - 1,2, . . ., mJfo r which piくsJ之





Co r olla ry 3.12. くKr eitha nd Lada stl Oll Ass u m ethai hiくり 三
0くi - 1,2, . . . ,el, bittJ 三 0くi - 1,2, . . . , kJ, fくx ,tJ 三 0, M -
2
,
qlくfl - i - glくJl ン 01, q2くり - i - q2くq2 ン 01, plくsJ - s a nd
p2くsl ニ ー s . As s u m e, m o r e o v e r, ihal ニ
ql 之 q2言
plくり之 p2くi - J + pJ for i之 ql - J2言
plくtJ声p2くt - c, + pl in tT, cx,J fo r a ny T 之 c,1 - C,2言
仁
2
p2くsJds 51 for i之 ql.
1im imf
t一 一 0 0iql
1
くplくsト p2くs - u + pJJds ン ー ,
e
やen e v e ry s olutio n u ofthe bo u nda ry v alu epr oble mく8J,くB2Jwith
4, 三 Ois o s cillaio ryin n .
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Co r olla ry 3.1 3. くYo shidat401l Ass u m ethai m o 之 m l 三
m - m o, criくtl - i - OitOi 之 0言i - 1,2, . . . , m ol, qiくり - t -
L Ji - m . くLJi- m o 之 0.,i - m o +1, m o + 2, . . ., ml, piくsJン Ofo r sン
0くi - 1,2, . . . , m oJ, piくsJ ニ ー 中i - m oくsJくi - m o +1, m o + 2, . . . , ml,
whe re中iくslン 0くi - 1,2, . . . , m lJfo r sン O a nd中去くsJ a re co n c a v e
into,CX IJ. Lei ike in equ alitie s
piくsJ之 KiS fo r sン 0 くi - 1,2, . . . , m ol,
中ilくsJ5kiS fo r sン 0 くi - 1,2, . . . , m l
holdfo r s o m epo sitiv e c o n sta nis Ki, Ki. A ss u m e, m o r e o v e r, that
Oi之 uiくi - 1,2, . . . , m l 言
piくt15tくi - 1,2, . . . ,eJ言
p三くtl之 h fo r s o m e co n sia nis h ン 0 くi - 1,2, . . . ,eJ言
KiPiくり - jti卓iくt - Oi+ LJil之O fo r L之77. くi - 1,2, . . . , m lJ言
1 一重hitt,Tuoi. WiPitS,ds 之 O for 舌之 To言




.くり 之 kj intTo, 叫 fo r s o m ej亡tl,2, . . ., ml and s o m ek,. ン 0,
whe r e
卓iくtl - pi+ m oくtJ くi - 1,2, . . ., m l ,




iくt - Oi+ uiJ くi - 1, 2, . . ., m .l,
KiPiくり くi - m o + 1, m o + 2, . . . , ml.
Ev ery s olutio n u ofthe bo undary v alu e pr oble mく81,くBl is o s-
cillaio ry in n, ifthe r eis afu n ctio n Hくり E C
l
くくTo,cx3l言RJfo r.
which HIくり - Gくtla nd lim t- cx, HくtJ - 0, a ndthe r e a r e a nin舌e9e r
ietl,2, . . . , ml a nd a s equ e n c ettnナ wilhthe prope rtie sihai ニ





.くsJe xp 入1aくrldr ds 之1,






















州 二 人1atiJHくり +E 帥1Hくt - Oil.
iニ 1
Ev e ry solutio n u ofthe bo u nda ry v alu e
-
pr oble mt81, くB2Jis o s-
cillqto ry in fl, -ifthe r eis afu nfiion HM E C
I wo, 叫言Rlfo r
which Hlくtl - Gくtla nd lim t ー 00 Hくり - 0, a ndthe re a r e a nintege r
3
.
Etl,2, . . . , mナ a nd a s equ e n c ettnl with the pr ope rties ihatこ
1im tn - cxl,





























T he o r em 3.8. くKu s a n o a nd Yo shidat121J Ifikefu n ctio n al
diHe r e niial in equ alitie s
孟Cytt,.童hiti,ytpiく小人. 00
k 帆
+ 入1EbiCtJyく巧くtJ トニpiくtJpiくytJ 州l之 士Gくり
iニ 1 iこ 1
ha v e n o e v e ntu ally po sitiv eくbo u ndedJs oluiio n s, the n e v e ryくbo undedl
solutio n u ofike bounda ry v alu epr oble mく9l,くBl is o scillato ryin
n, whe re Gくilisthefu n ctio n appe a r ed in T he o r e m3.4.
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T heo re m 3.9. くK u s an o a nd Yo shidat121l Ifikefu n ction al
diHer e niial in equ alitie s
孟Cytt,.套hitt,ytpiくt,,j一差 - ytJiti川 之 -
ha v e n o e v e ntu ally po siiiv eくbo u ndedJsoluiio n s, the n e v e ryくbo u ndedJ
s olutio n u ofike bo u nda ry v alu epr oble mく9l,くB3Jis o s cillaioryin
n, where 軸Jis ikefu n ctio n appe a ringin T he or e m3.5.





. . . ,el, biくtl 三 0くi - 1, 2, . . . , kJ, fくx,り 三 0, m - 1, plくsJis
c o n v eよin く0, cx31, andthai ike hypoihe sisくilofT he o r e m3.3 with
pくsJ三 Plくslholds. Ev e ry s olutio n u ofihebo u nda ry v alu epr oble m
く9l,くBIJ wiih4, 三 Ois o s cillaio ryin 0 if
志ds く 00 fo r a ny K , 0,
plくりe xpく入1AくりJ中1くe xpトス1AくJlくtJJld舌 - 00 ,




. Ev e ry
solutio n u ofike bo u nda ry valu epr oble mt91,くB31 with4, 三 O is
o s cillaio ryin 0 if
く二Xつ
KLli 孟子ds く 00 fo r a ny K , 0,
lAEql.plくtldi - 00 .
co r olla ry 3.15. くYo sllidat411 As s u m ethaibiくり 三 0くi -
1,2, . . . , kl,piくま1三 0くi - 1,2, . . ., Ml, a nd ihatE空こ1hi 桝 sbo u nded
fr o m abo ve in tO,cx31. Ev e ry bou nded s olution u ofike bo undary
valu epr oble mt91,くBl is os cillaioryin n if
1im infe xp卜入1Aくtll
t一 寸 C O
lim sup e xpト入1AくtJl
t一 寸 0 0
e xpく入1AくrllGくrldr ニ ー C X,,
e xpく入1AくrJIGくrJdr - 00
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for all la rge T . Ev e ry bo u nded s olutio n u ofike bo u nda ry v alue





t一 寸 0 0




fo r all la rge T .
Co rolla ry 3.1 6. くK u s a n o a lld Yo shida tl祁 As s u m ethat
E空こ .hittJ 5 1, piくり 5 tくi - 1, 2, . . . , 恥 piくsl 之 Ofo r s ン
0くi - 1,2, . . . , mJ, p3.くslis n o nde c r ea sing o ntO, cx31fo r s o m ei E
tl,2, . . . , mi. Ev e rybo u nded s olutio n u ofthe bo u nda ry v alu epr ob-
le m く91, くB3lis o s cillaiory in n ifthere is afun ction Oくtl E
Clく0, 叫言及1s u ch thai Oくりis bo u nded a nd o s cillaio ry ai i - c o,




.tS,p3.く仁Cl 一童hitJ3.くヰoく - 千
e
oh.くsJ トニhiくJ,.くsJJOくpih.くsJJJ
iこ 1 jUds ニ くXフ
fo r s o m e so y 0.
Co r olla ry 3.1 7. くKu s a n o a nd Yo shidat12り Ass u m ethai
EfI .hittJ5 1, piくtlS りi - 1,2, . . . ,eJ, piくsl 之 Ofo r s 5
0くi - 1, 2, . . . , mJ, p3.くsl之Psくs ン Olfo r s o m eP B 0 a nd s o m e
j 亡tl,2, . . . , mナ, J3.くり 之 i a nd J3.くIJis n o nde c re a sin9 in to, CXIJ.
M o re o v e r, a s s u m ethai the r eis afu n ctio n OttLE C
lくく0, 001言RJ
su ch that Oくり is o s cillaio ry ai i - c o, Olくり - GくtJ. Ev e ry s olu -
tio n u ofthebo u nda ry v alueproble mt9J,くB3Jis o s cillato ryin 0 if
there e xists a s equ e n c ettnナfo r which
lim tn - o o,

























whe r eQくtJisthefu n ctio n appe a red in Co r olla ry 3.9.
N ote s. D elay pa r abolic equ atio n swith c o n sta nt c o efBcie nts
w e r e studied by M ishev E1 81, a nd n ec e s s ary a nd s u艮cie nt c o ndi-
tio ns fo r o s cillation w er e established. C he n a nd Zhangt41ha v e
in v e stigated the o s cillatio n ofpa rtial diffe re n c e equ atio n s ofpa r a-
bolic ty pe. Logistic equ atio n s with delay a nd diffu sio n w e r etr e ated
by X ie a nd Che ngt33l. Ku s a n o a nd Yo shidatll ha v e obtain ed
the o s cillatio n r e sults fo rfu n ctio n alpa r abolic equ atio n s with o s-
cillating c o e氏cie nts, a nd by ap plyingthe r e s ults ofTa n akat301to
上 u n Ctio n alpa r abolic equ atio n s w e c a n e stablishthe v a rio u s o s cilla-
tio n the o r e m s. Syste m s of delay pa rabolic equ atio n s w e r e studied
by Gopals a myr9コa nd LiuEl叶
4. Hy pe rbolic equ atio n s wit h fun ctio n al argu m ents
T he first o scillatio n r e s ults w e r e obtain ed in 1 984 by M ishe v a nd
Bain o vt21in the case of delay hype rbolic equ atio n s.




- aくtlAutx,毛ト EbittJAutx ,Tiく恥
iニ 1
+ cくx ,i,くzitulくx ,i11竺1J- 仲 ,tl, くx ,り E O 三 G xく0, 001,
く271
whe r eGis abo u nded do m ain ofRn with pie c e wis e s m ooth bo u nd-
a ry aG, a ndthefu n ctio n s appea ringin く27うs atisfythe s a m e co n-
ditio n s a sin Se ctio n 3 withthe conditio n s abo ut hitila nd piくtJ
repla c ed by hiくり E C
2
くtO, cx3J言tO, 0011 くi - 1,2, . . .,eland piくり E
C2くtO, 001言RJ, lim f ー 00 Piくり - 00くi - 1,2, . . .,eJ, r e spe ctiv ely.
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W e c a npr o v ethefollo w l ngtw o the o re m sbythe sa me a rgu m e nts
a s w e r e u s ed in The o re m s3.4 a nd 3.5.




iニ 1 iニ 1
ha v e n o e v e ntu ally po sitiv e s oluiio n s, the n e ve ry s olutio n u ofike
bo u nda ry v alu epr vble mく271,くBl is o s cillaio ryin 0, wher e GくiJ
is dePn ed in T he o re m 3.4.
T he o r e m4.2. Ifthefu n ctio n al diHer miial in equ alitie s
紳 汁童hitt,ytpiく小差 - ytqitt川 5 士eくり
ha v e n o e v e ntu ally po sitiv e soluiio n s, the n e v e ry solutio n u ofike
bo u nda ry v alu epr oble mく27I,くB21is o s cillaio ryin f2, whe r eeくtJ
is defin ed in T he o r e m3.5.
C o r olla ry 4.1. Ev e ry s olutio n u ofthe bo u nda ry v alu epr.ob-













fl 一言lGts,ds - 00
fo r allla rge T . Ev e ry s olutio n u ofihebo u ndary v alu eproble mく27J,













fl 一言l6ts,ds - 00
fo r all large T .
Y O SH 工D A 13 3
Pro of. Ifthe fu n ctio n al diffe rential in equalitie s ap pe a rlng ln
T he o r e m4.1 ha v e e v e ntu ally po sitiv e solutio n s, the nthefu n ctio n al
diffe re ntial in equ alitie s
紳,.套hitt,ytpiくt,ラブ5 - く28,
have also e v e ntu ally po sitiv e s olutio llS. In c a s eく281ha v e n o e v ell-
tu ally po sitiv e s olutio n s, the fir st state m e ntfollo w sfro m Tle O re m
4.1. LetyttJbe a s olutio n ofく28lfo rwhicll 紳lン O o ntlo, 00lfo r
s o m eto ン 0. Integratingく28lovertto,tltwic e, w e obtain
zくt15gcl + c2くi - toJ士I.
i
くt - sJGくsJds,
w he r e cl a nd c2 a re C O n Sta ntS, a nd
e
zくり - 州 +Ehittlytp州 .
iこ 1








is u nbo u nded fro mbelo w . T he rightha nd side ofく29Jis u nbo u nded
fr o m belo w
,
wll e r e a Stlleleftha nd side ofく29lis po sitiv efo rla rge
i. T hisis a c o ntr adictio n. H ell C e,く28lha v e n o e v e ntu ally po sitiv e
s olutio n s
,
a nd the pr o of of 丘r st state me ntis c o mplete. Simila rly,
the s e c o nd state m e ntfollo w sfr o m T heoreln4.2.
N ote s. T he s e c o nd state m e nt of Co r olla ry 4.1 w a s e stab-







el, attl - 1, k - 1, bltりis c o n sta nt, rlくり - i - T くT is
c o n sta ntland p 三 0. The s e c o nd state me nt ofCorollary 4.1 w as
obtaill ed by M ishe v a nd Bain o vt22lin the c a s ewll e r eA - 1, hlttl
is c o n sta nt
, plくtl - i - pくpis c o n st antl, aCtl - 1, bitり三 0くi -
1
,
2, . . . , kla nd FL 三 0. In c a s e - 1, aくtl - 1 a nd k- 1, Co r olla ry
4.1 r edu c e sto a r e sult of M ishe vE16ト
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Co r o11a ry 4.2. くM ishevt191l As su meihatpiくtl- モ ー piくpi 5
0言i - 1,2, . . .,el, aくり - 1, TiくtJ - i - Tih ン 0言i - 1,2, I . . ,kl,
qiくiJ - i - cTiくc,i之 0言i - 1,2, . . . , mJ, 仲 ,tl三 0, E芸ニ1hiくり 51,
a nd piくsl - sくi - 1,2, . . . , ml. Ev e ry s olutio n u ofihe bo u nda ry






1 - Ehitt -
iニ 1
T3
.,jd舌 ニ 0 0
for so meto ン O a nd s o m ejEtl,2, . . .,り. Ev e ry s oluiio n u ofihe




.tL,く1 - Ehitt -iニ 1旨 J3.,jdtこ くXI
for s o m e舌o ン O and so mejEtl,2, . . . , mナ.
C o r o11a ry 4..3. くLalli, Yu a nd Cuit1 31l As s u m eihaie - 1,
plくtl - i - plくpl ン Ol,biくtJ三 0くi - 1,2, . . ., kl,fくx,り 三 0, m - 1,
plくsl之Psfo r s o m ePン 0. If
I.
u
plくtlく1 - hlくJlくりJldt - 00
fo r s o m e so ン 0, the n e v e ry s olutio n u ofihebo u nda ry v alu eproble m
く2 7J,くBIJwith4, 三 O is o s cillaio ryin O竺nd e v e ry s olutio n u ofihe
bo u ndary v alu eproble mく271,くB2lwith4, 三 O is os cillaloryin 0.
co r olla ry 4.4. くTa n akat29り Ass u m ethai Efl lhiくt15 1,
piくり5fくi - 1, 2, . . . ,eJ, m - 1, piくsJ之Ofo r sン 0くi - 1,2, . . ., ml
and p3
.くsJis n o nde cre a sing in fo,cxlJfor s o m ei e tl,2, . . ., ml.
Ev e ry s olutio n u ofike bo u nda ry v alu epr oble mく27J, PIJ tr e sp.
く27J, くB2Jjis o s cillaio ry in f2 ifthe r e e xists afu n ctio n Oくり E
C2く0, c o畑Js空chthat Ottlis o s cillaio ry ai i - c x3, O
Ilくり - Gくfl
tr e sp. O
Il
くり - Gく川 a nd
1im sllp
t 一 十0 0
1im imf








.tS,p3.Hl 一重hih-ts,,jc. ojくs, ds - 00
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fo r a ny c y 0, whe r e
e
o,
.くsJ - 0くJ,.くsl トEhiくq,.くsJJOくpib.くs川 .
i二 1
Next, w ein v e stigate the e xiste n c e ofze ro s ofs olutio n sin bo u nded
do m ain s. W e c o n side rthe da mped hy pe rbolic equ atio n with fu n c-
tio n al a rgu m e nts
芸utx ,tJ. a孟uくx,り
k
- A uくx ,り - E占iくりAuくx , TittJJ
iこ 1
+ cくx ,i, uくx ,り,くuくx , Jiくり1堤1J- fくx,り,
くx,tJE n 三 G xく0, 001, く30J
wher eGis abo unded do m ain ofRn withpie c e wise s m oth bound-















. . . , ml, a ndfくx ,tJe Cくfi言RI. M o r e o v e r, w e a s s u m ethat こ
cくx ,i,i,T71, . . .,TlmlE Cく缶 x R x 温 mi叫,
cくx ,i,i, m , . . . ,qmJ之 Ko
2E in n xtO, cx,1x亡0, cblm ,
cくx,舌,i,T71, . . .,TlmJ5 Ko
2E in n xtO, 001xtO, 001
m
,
There Kois a n o n n egativ eco n sta nt. Wedefinethefu nctio n sL lくsl,














T- 1くsJ - minくL lくsl, i- 1くsJト
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T he o r em 4.3. くYoshidat3811 Letct2 - 4く入1+Ko21く 0, LJl - 号
a nd u2 - 圭 4く入1 + K.2J - a2 . Ifi7- e e xists a n u mber s s u chthai




wlくi - slsin w2くi - sJdt - 0,
the n ev ery s olutio n u ofthe bo u ndary valueilr Oble m く30l,くBl has
a z e r oin G xくT - 1くsl, s +く7TILJ211, whe re
た
Gくtl - Ftt卜 叫 ト ニbittlせく巾11.
iニ 1
T he o r e m4.4. くYo shidat3811 Lei Ko ン O a nd ct2 - 4 Ko2 く 0,
1
a nd lei LJ3 ニ ラ






. Ifihe r e e xists a n u mbe r s s u ch thai
s+く7TIw 3l
eくtle
w lくt- sJsinu3くi - sJdi - 0,
the n e v e ry s olutio n u ofthe bou nda ry v alu epr oble mく301,くB21ha s
a z er10 in G xくT - 1くsJ, s +く7Tlu31l, whe re
k
eくiJ - fくり+ 的 +Ebitt沖く巧く恥
iニ 1
C o r ollary 4.5. くYoshidaE36り As s u m elhai a - 0, k - 1,
bltり- bl, TlくtJ - i - TくT ン Ol, m - 1 a ndc,lくtJ - i - qlくcr1 5 0J.
Ifihe r eis a n u mbe rs 之 T s u chthai
f
s+くqlL,
Gくりsin Lくt - sJdt - 0,
the n e vマry s olutio n u ofthe bo u ndary v aluepr oble mく30J, PIJha s
a ze r o mG x くs - T, a +く7rlLJl, where T - m axtJl, Tl a nd
L - 1何丁帝 . IfKo ン O andihe r eis a n umbe r s之T s u chthai
f
s+tqlKo,
ett,sin Koti - s,dt - 0,
then e ve ry s olutio n u oflhe bo u nda ry v alu epr oble mく3 0l,くB2Jha s
a z e roin G xくs - T, s +く7TIKoll.
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Note s. A n e cessary a nd sufncie nt c o nditio nfor o s cillatio n of
s olutio ll S Offu n ctio n al hy pe rbolic equ atio n s w a s obtaill ed by M ishev
a nd Bain o vt24l. Co upled hy pe rbolic equ atio n s with delays w e re
tr e ated by Pa rhia nd Kir a n et281. Fu n ctio n al cha r a cte risticinitial
v alu epr oble m s w e r ein v e stigated by Georgio u a nd Kr eitht8la nd
M ishe vE15ト
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